We associate a tower with an infinitesimal algebraic skeleton to the (2 + 1)-dimensional (compact and noncompact) Heisenberg spin model. In particular, we construct the absolute parallelism defining the tower and the corresponding extension of the adjoint Lie algebra representation defining its skeleton.
Introduction
The algebraic-geometric approach to integrability of nonlinear systems is based on the request of the existence of conservation laws which leads to the existence of symmetries expressed in terms of algebraic structures. The concept itself of integrability is a nontrivial matter and different definitions have been proposed in the literature on the subject, see e.g. [1] . We shall consider a concept of integrability as of having 'enough' conservation laws to exaustively describe the dynamics.
It is a well known fact that the study of equations at least locally variational (i.e. satisfying Helmholtz conditions) and thus arising as Euler-Lagrange equations of a (local) Lagrangian, enables one to precisely characterize conservation laws associated with symmetries of equations. From a physical point of view, in fact, field equations appear to be a fundamental object, since they describe the changing of the field in base space; symmetries of equations are transformations of the space leaving invariant the description of such a change. On the other hand the possibility of formulating a variational principle (i.e. a principle of stationary action) -from which both changing of fields and associated conservation laws (i.e. quantities not changing in the base space) could be obtained -enables to keep account of both what (and how) changes and what (and how) is con-served. In the variational calculus perspective Euler-Lagrange field equations are 'adjoint' to stationary principles up to conservation laws [5] .
The question is now what can we say when we do not know, in principle, if a variational formulation, even local, of a given nonlinear model, is possible. It is clear that we would like to formulate a corresponding (maybe weaker) version of Helmholtz conditions of local variationality, being the Helmholtz morphism nothing but a quotient morphism of the exterior differential. In previous papers, we proposed an algebraic-geometric formulation in terms of integrable towers with infinitesimal algebraic skeletons suitably associated with nonlinear models, see e.g. [11, 13, 14] . The tower is constructed in such a way that both symmetries and conservation laws 'along equations' can be deduced by an integrability condition. In this paper we will consider algebraic structures also called 'open' Lie algebra structures, in the sense that not all the commutators (i.e. not all the Lie algebra structure constants) are determined, found by Wahlquist and Estabrook for the study of integrability properties of nonlinear dispersive systems, and related with the existence of an infinite set of associated conservation laws generated by pseudopotentials [16, 4] . Such algebras are different from freely generated infinite-dimensional Lie algebras and the geometric interpretation of them was the object of various studies, se e.g. [2, 3, 6, 9, 10, 11, 12, 13, 14, 15] and references therein.
In this note, we show that a tower with an infinitesimal algebraic skeleton can be associated with the (2 + 1)-dimensional continuous isotropic (compact and noncompact) Heisenberg spin model. In particular, we construct the absolute parallelism defining a tower, i.e. a connection 1-form with values in an infinite dimensional algebra associated with the model, and the corresponding extension of the adjoint Lie algebra representation defining its skeleton.
The (2+1)-dimensional Heisenberg spin model
In [9] algebraic properties of the (1 + 1) dimensional (compact and noncompact) Heisenberg spin model, already well known to admit a Lax pair, were studied in both the direct and inverse prolongation structure procedure. In particular, the inverse prolongation (starting from the prolongation algebra) provided a whole family of spin models in (1 + 1) dimension.
In this note, we shall investigate algebraic properties of a direct extension in more than one spatial dimensions: the continuous isotropic (compact and noncompact) Heisenberg model in (2 + 1) dimension given by
Many variants of the model have been studied within different approaches; however the integrability properties of the present model obtained as the direct extension in (2 + 1) dimension of the (1 + 1)-dimensional Heisenberg spin field model are not yet completely understood [7] .
The construction of towers with skeletons associated with nonlinear field equations in (2 + 1) dimension is highly non trivial [12, 13, 14] . We introduce some important concepts generalizing the concept of a homogeneous space and of a Cartan connection. To this aim let us represent this model by the following closed exterior differential system
According to [8] , we generalize the notion of homogeneous spaces by defining an algebraic skeleton on a finite-dimensional vector space V as a triple (E, G, ρ), with G a (possibly infinite-dimensional) Lie group, E = V ⊕ g is a (possibly infinite-dimensional) vector space not necessarily equipped with a Lie algebra structure, g is the Lie algebra of G, and ρ is a representation of G on E (infinitesimally of g on E) such that it reduces to the adjoint representation of g on itself.
Within our perspective, it is important to stress that the Lie algebra g and the representation ρ are the unknowns and that we want to formulate an approach which could enable us to determine them starting by the nonlinear model and an integrability condition for it. Once we know them, we can also construct V .
Let us then introduce a manifold P on which a Lie group G, with Lie algebra g, acts on the right; P is a principal bundle P → Z ≃ P /G. By construction, we have that Z is a manifold of type V , i.e. ∀z ∈ Z, T z Z ≃ V . A tower P (Z, G) on Z with skeleton (E, G, ρ) is an absolute parallelism Ω on P valued in E, invariant with respect to ρ and reproducing elements of g from the fundamental vector fields induced on P . In general, the absolute parallelism does not define a Lie algebra homomorphism.
The representation ρ defines a left action of G on E so that we can construct a bundle
This situation generalizes the standard construction of a principal bundle P ′ = P × G K, with G a closed subgroup of K, or more precisely, if we consider the action of G on the Lie algebra k of K, P ′ = P × G k. The generalization here is that E is a skeleton rather than a Lie algebra. We can think of a right action on P ′ induced by ρ in analogy with the homogeneous case; consequently, we consider a connection on P ′ as a section of J 1 P ′ → P ′ invariant with respect to the induced right action. Accordingly, J 1 (P × ρ E) → Z can be thought as the bundle of invariant connections with respect to ρ.
Let k be a Lie algebra and g a Lie subalgebra of k. Let G be a Lie group with Lie algebra g and P (Z, G) be a principal fiber bundle with structure group G over a manifold Z as above. A Cartan connection in P of type (k, G) is a 1-form Ω on P with values in k such that ω| TpP : T p P → k is an isomorphism ∀p ∈ P , R * g ω = Ad(g) −1 ω for g ∈ G and reproducing elements of g from the fundamental vector fields induced on P . Then it is clear that a Cartan connection (P , Z, G, ω) of type (k, G) is a special case of a tower on Z.
It is well known that in the homogeneous case, there is a one-to-one correspondence between Cartan connections on P and principal connections on P ′ with certain properties. A Cartan connection on P , that is a form ω on P valued in g, can be spread as a form over the whole
G ω G where π p : P × G → P and π * G : P × G → G are canonical projections, and ω G is the left Maurer-Cartan form on G; ω can be extended to a form on P × G as a pull-up of a connection form of a principal connection on P ′ = P × K G. Such a construction gives rise to principal connections on P ′ , the horizontal bundle of which does not intersect the tangent bundle of P viewed as the subbundle of P ′ ; conversely the pull-back under the canonical inclusion i : P → P × K G of the connection form of a principal connection, which satisfies such a condition, is a Cartan connection on P with values in g.
Let us come back into the situation of a skeleton instead of a homogeneous space: we generalize this construction by requiring that P is a manifold of type E, i.e. T p P ≃ E, and V p ′ P ′ ≃ T p P . A tower can be seen then as an invariant connection with respect to ρ on P ′ satisfying the latter condition. Under this perspective, P ′ = P × ρ E can be considered a sort of a gauge-natural bundle. and a tower P with skeleton E could be considered as a section of a subbundle of P ′ . Let us now express locally the forms of the induced absolute parallelism
where F k , G k , H k are functions to be determined modulo θ 1 , θ 2 , θ 3 , β 1 , β 2 and A, B, C are invertible matrices 1 . Let I be the ideal generated by the forms θ i , β l , i = 1, 2, 3, l = 1, 2 and Ω k , k = 1, . . . , N . We say that I is closed if dΩ
and a further important constraint:
Without loosing of generality, we can assume
Notice that the absolute parallelism is actually given by
gives us the fundamental constraints
From the second equation we can easily infer that [A, B] = 0; furthermore, the functions H, G and F are related as follows (to simplify the notation, we omit the superscripts)
Constraints above can be further recasted as follows
. We can also verify that the main constraint also implies K S = 0 thus
. We can summarize that by
To uniform the notation, let us put Y = X 4 and Z = X 5 (notice that K is is related with them according with the relationship (5)); by substitution and comparing terms of the same monomials, after long but simple algebraic manipulations, we obtain an algebra structure E generated by X 1 , X 2 , X 3 , X 4 , X 5 :
By requiring the Jacobi identity to hold true, it is easy to verify that the structure does not close as a Lie algebra, since always new generators have to be introduced to name the commutators which are unknown. This open structure is infinite-dimensional and identifies an infinite dimensional vector space E. It is different from a freely generated Lie algebra insomuch as there are some relations among some of the commutators. It can be provided of the structure of an infinitesimal algebraic skeleton on a finite dimensional space V . We define a Lie algebra g acting on E by the representation ρ obtained by means of the request of integrability for the absolute parallelism of a tower on Z, with skeleton (E, V , g).
Skeletons homomorphic with a finite dimensional quotient Lie algebra
We can identify some special subalgebras and the corresponding extension of the adjoint Lie algebra representation defining skeletons as follows.
1. Put X 1 = 0 , X 2 = 0, i.e. X = (0, 0, X 3 ). We then also have X 6 = X 7 = X 8 = X 9 = 0.
The resulting structure
identifies a tower with skeleton defined by
,BK], so that, without loosing generality, we can take K = X 12 .
2. Put X 1 = 0 , X 3 = 0, i.e. X = (0, X 2 , 0). We then also have X 6 = X 7 = X 10 = X 11 = 0.
3. Put X 2 = 0 , X 3 = 0, i.e. X = (X 1 , 0, 0). We then also have X 8 = X 9 = X 10 = X 11 = 0.
Such skeletons just differ for a renaming of some of the elements of the algebra (6) and then identify the same algebraic structure. The vector space V can be defined as the kernel of an homomorphism between the infinite dimensional algebra (6) and a finite-dimensional Lie algebra g = sl(2, C).
Proposition 1 There exists an homomorphism H between the algebraic structure defined above (and thus also between E) and the sl(2, C) Lie algebra.
Proof. The homomorphism H is defined by the closing conditions X 10 = 2iλX 5 , X 11 = −2iλX 4 , X 12 = 2iλX 3 ,
(analogously X 8 = 2iλX 5 , X 9 = −2iλX 4 , X 12 = 2iλX 2 , or X 6 = 2iλX 5 , X 7 = −2iλX 4 , X 12 = 2iλX 1 , for the other cases); here λ is a parameter. The sl(2, C) Lie algebra is then given by [X i , X j ] = 2iλǫ ijk X k , with i, j, k = 3, 4, 5 (resp. i, j, k = 2, 4, 5 and i, j, k = 1, 4, 5).
Representations of such a quotient Lie algebra sl(2, C) provide conservation laws in the form of linear spectral problems associated with the continuous isotropic (compact and noncompact) Heisenberg model in (2 + 1) dimensions starting from the towers constructed in (i) − (iii); in fact, each tower provides one of the components in which the model can be decomposed with respect to a base. Notice also that the same algebra can be obtained directly from E by setting X 1 = X 2 = X 3 = − i 2λ X 12 .
